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ABSTRACT 
 

An effective method for the damage diagnosis of structures under seismic excitation via 
discrete wavelet transform is proposed in this paper. The proposed method is based on the 
detection of abrupt changes in seismic vibration responses by the analysis of displacement or 
velocity responses using wavelet analysis. Also, a wavelet-based method is presented for de-
noising of displacement and velocity responses for the damage detection problem. The 
performance of the proposed method for de-noising and damage detection has been 
investigated using a benchmark problem provided by the IASC-ASCE Task Group on 
Structural Health Monitoring and a simulated shear wall model. The obtained results 
indicate that the proposed method can be provided useful information for the damage 
occurrence using the seismic response of structures. 

 
Keywords: Damage detection; de-noising; wavelet transform; seismic response; earthquake 
excitation 

 
 

1. INTRODUCTION 
  

In the last decade, the researcher's attentions on the detection of structural damage during the 
service life of engineering structures have been increased. Among numerous methods, 
approaches that are based on the observation of the dynamic behavior of a structure heve 
been developed [1-4]. Many of these techniques use the identified modal parameters like 
mode shapes and natural frequencies for structural damage detection and estimation. The 
identification of alteration in mode shapes and natural frequencies at the damaged system in 
comparison with the undamaged system is one of the popular methods in the structural 
damage detection. These changes are often small and measurements are polluted by noise 
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making this method an inefficient method.  
The wavelet transform is a effective method for precise signal analysis, which overcomes 

the problems exhibited by other signal processing techniques. Applying wavelet transform 
for the analysis of damaged structures responses produces satisfying results in the damage 
identification. Sharp changes in the wavelet coefficients near a damage exhibit the presence 
of damage. This method is nonparametric and allows the accurate estimation of the time of 
the sudden change, benefiting from the fine time resolution of the wavelet transform at small 
scales (i.e. high frequencies). The advantages of damage identification using wavelet 
analysis are nonparametric and baseline-free data. In addition, it does not depend on the 
change of the structural frequency, which is sensitive to soil-structure interaction [5].  

Wavelet analysis has been applied in the system identification and damage detection. In 
addition, it has been widely implemented for various purposes, such as the characterization 
of non-stationary dynamic responses [6, 7]. General overview of damage detection by 
wavelet analysis may be found in Kim and Melhem [8] and a review on some of the wavelet 
application such as time-frequency analysis of signals, the fault feature extraction, the de-
noising and extraction of the weak signals have been done by Peng et al. [9]. In addition, the 
possibility of applying wavelet transform for the detection of beam cracks has been studied 
by Sun and Chang [10], Han et al. [11] and Poudel et al. [12]. Damage detection of frame 
structures via wavelet transform has been analyzed by Ovanesova and Suarez [13] and Hou 
et al. [14]. Rucka and Wilde [15] proposed a method for estimating damage localization in a 
beam and a plate by applying continuous wavelet transform. Bayissa and Haritos [16] 
proposed a new damage identification technique based on the statistical moments of the 
energy density function of vibration responses in the time-scale domain. Also, Bayissa et al. 
[17] offered a new damage detection technique using wavelet transform based on the 
vibration responses of plate. Fan and Qiao [18] developed a two-dimensional continuous 
wavelet transform-based damage detection algorithm using Dergauss2d wavelet for plate-
type structures. Also, a distributed two-dimensional continuous wavelet transform algorithm 
has been developed by Huang et al. [19]. They used data from discrete sets of nodes and 
provide spatially continuous variation in the structural response parameters to monitor 
structural degradation. Recently, a method has been proposed for the detection of crack-like 
damage in plate structures using discrete wavelet transform by Bagheri et al. [20]. 

In this study, the event of damages in a structure subjected to an earthquake ground 
motion is detected, which is related to the numbers of spikes in wavelet results. The 
proposed methodology is applied to the numerical examples subjected to a real earthquake. 
The models consist of single and multi degree of freedoms with damping. The efficiency of 
the presented method is shown based on the obtained results for the damage detection. 

 
 

2. OVERVIEW ON WAVELET TRANSFORM 
 

Fast Fourier transform is efficient tool for finding the frequency components in a signal. The 
major disadvantage of fast Fourier transform is that they have only frequency resolution and 
no time resolution. Therefore, it is not a suitable tool for non-stationary signals. These types 
of signals can be processed via wavelet transform. It provides a powerful tool to characterize 
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local features of a signal. The main advantage gained by using the wavelet transform is the 
ability to perform the local analysis of a signal. Unlike Fourier transform, where the function 
used as the basis of decomposition is a sinusoidal wave, other basis functions can be 
selected for wavelet shape according to the features of the signal. The basis function in 
wavelet analysis is defined by two parameters named scale and translation. This property 
leads to a multi-resolution representation for non-stationary signals. As mentioned before, a 
basis function or mother wavelet is used in wavelet transform. 

The wavelet transform is a transformation that decomposes a function S(t) into a 
superposition of the elementary function ψa,b(t) derived from an mother wavelet ψ(t) by 
scaling and translating, as defined below: 
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where, a and b are scale and translation parameters, respectively. 
The continuous wavelet transform of the signal S(t) is defined as [21]: 
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where, ψ* is the complex conjugate of  and Wψ(a,b) is called the wavelet coefficient for the 
wavelet ψa,b(t).  

In signal processing, a discrete version of wavelet transform is often used by discretizing 
the scale parameter a, and the translation parameter b. In general, the procedure becomes 
much more efficient if dyadic values of a and b are used, i.e.: 

 

 kba jj   2,2  (3) 
where j and k are integers. 

The corresponding discretized wavelet ψj,k(t) is as follows: 
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Equation (2) can be expressed as: 
 

    ttSbaW ba
*
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Thus, continuous wavelet transform is a collection of inner products of a signal and the 
translated and dilated wavelets. In this paper, the mother wavelets ψ(t) are the Daubechies 
wavelet, Biorthogonal Spline and Coiflet wavelet. 

 
 

3. DAMAGE IDENTIFICATION METHOD 
 

In the linear range, the equation of motion of a excited structure by a seismic input can be 
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express as: 
 ( ) ( ) ( ) ( )MX CX KX MΓ gt t t x t       (6) 

 
where, M, C, and K are mass, damping, and stiffness matrices of the structure, respectively; 
X is the vector of displacements; Γ describes the influence of the earthquake excitation; gx  

is earthquake acceleration vector. 
Defining the state vector ( ) [ ( ) ( )]Z X X Tt t t  , the Eq. (6) can be written in state space form 

as: 
 ( ) ( ) ( )Z AZ B gt t x t    (7) 

 
where A is system matrix; and B is a influence vector for the earthquake excitation. The 
system matrix and excitation influence vector are given by: 
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In the proposed method, the aim is to obtain the time of damage occurrence in the 

structure under seismic excitation. For this reason, the proposed approach employs the 
decomposing capabilities of wavelet analysis on structural responses. The displacement or 
velocity responses r(t) can be represented by approximations and details of discrete wavelet 
transform. Therefore, the objective is to decompose the response in this step. The detail of 
the response at level j is defined as: 
 

, ,( ) ( ) ( )j j k j k
k Z

D t cD k t


  (9) 

 
where Z is the set of positive integers, and cDj,k is wavelet coefficients at level j which is 
defined as:  

 



 dtttrkcD kjj )()()( ,  (10) 

 
The approximation of the response at level j is defined as: 

 ,( ) ( ) ( )j j j k
k

A t cA k t




   (11) 

 
where  is the scaling function and cAj,k  is scaling coefficients at level j which is defined as:  
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In addition, the response can be expressed by:  
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Finally, the peak values of the details of the response can be expressed the time of 

damage occurrence in the structure.  
 
 

4. DE-NOISING METHOD OF RESPONSES 
 

The measured responses of structures always contain noise. The existence of noise may have 
an appreciable influence on the accuracy of damage detection. A systematic investigation of 
the effects of noise on the performance of damage identification method is yet to be done.  

In this study, the de-noising procedure using the wavelet transform involves three steps. 
The basic version of the procedure follows the steps described below: 

1. Decompose: Compute the wavelet decomposition of the measured response at level J. 
2. Threshold detail coefficients: For each level from 1 to J, select a threshold and apply 

soft thresholding to the detail coefficients. 
3. Reconstruct: Compute wavelet reconstruction using the original approximation 

coefficients of level J and the modified detail coefficients of levels from 1 to J. 
 
 

5. NUMERICAL STUDIES 
 

In the following section, a numerical example namely a concrete shear wall and the first 
phase of IASC-ASCE benchmark structure are show for the feasibility of proposed method. 

 
5.1. Concrete shear wall 
This numerical example is a concrete shear wall with the height H=4 m, length L= 3 m and 
thickness t=0.15 m. For the considered shear wall, the material properties include Young’s 
modulus of E=20 GPa, poisson’s ratio ν=0.2, damping ratio ξ=0.05 and lump mass in the top 
of the wall M=1106 kg. The lateral stiffness K of the shear wall is calculated as follows: 
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where Ix, Av and G are the second moment of inertia and shear area and shear modulus, 
respectively. 

Damage is simulated by reducing the stiffness of shera wall. There are two damage cases: 
the damage for the first case is a 30% reduction of stiffness in 2.5th second of earthquake 
accelerogram and 20% and 40% reduction of stiffness in 2.5th and 10th second of 
earthquake accelerogram for the second case, respectively. 
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To illustrate the potential application of the proposed method, El-Centro (1940) 
earthquake accelerogram has been considered for the numerical simulation as shown in 
Figure 1. Figures 2 and 3 show the simulated response of the shear wall under El-Centro 
(1940) earthquake accelerogram for the first and second damage cases, respectively.  

In this paper, the displacement and velocity responses have been used as a signal for 
damage identification that has shown the properties of structures better. Because, it is 
directly relate to the properties of material that are used in structures such as stiffness and 
damping. In this way, using wavelet analysis can provide a good procedure to detect abrupt 
changes in the response by decomposing, windowing and zooming. In this paper, all of the 
responses have been decomposed in 1 level with different mother wavelets such as db20, 
bior5.5 and coif4. 
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Figure 1. El-Centro (1940) earthquake accelerogram 
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Figure 2. Displacement and velocity responses for the first damage case under El-Centro (1940) 
earthquake 
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Figure 3. Displacement and velocity responses for the second damage case under El-Centro 
(1940) earthquake 

 
Figures 4 to 6 show the obtained results for the first damage case under the El-Centro 

(1940) earthquake using different mother wavelets. For the second damage case, the 
obtained results are shown in Figures 7 to 9. Spikes in details are corresponding to abrupt 
changes in the response that might be associated with structural damage. In the other word, 
damages of the structure subjected to the earthquake ground motion are related to the 
number of spikes in the wavelet results. 

To be more suited with the real cases, another examination has been performed in which 
the structural responses with 5% noise are utilized to damage identification considering the 
same damage cases mentioned before. Figures 10-12 and 13-15 illustrate that the proposed 
method is robust and promising in detecting various damage cases with noise for the first 
and second damage cases; respectively. 
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Figure 4. The obtained results of damage detection for the first damage case under El-Centro 
(1940) earthquake using Daubechies wavelet 
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Figure 5. The obtained results of damage detection for the first damage case under El-Centro 
(1940) earthquake using Biorthogonal spline wavelet 
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Figure 6. The obtained results of damage detection for the first damage case under El-Centro 
(1940) earthquake using Coiflet wavelet 
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Figure 7. The obtained results of damage detection for the second damage case under El-Centro 
(1940) earthquake using Daubechies wavelet 
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Figure 8. The obtained results of damage detection for the second damage case under El-Centro 
(1940) earthquake using Biorthogonal spline wavelet 
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Figure 9. The obtained results of damage detection for the second damage case under El-Centro 
(1940) earthquake using Coiflet wavelet 
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Figure 10. The obtained results of damage detection for the first damage case based on 5% 
noise-corrupted responses signals using Daubechies wavelet 
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Figure 11. The obtained results of damage detection for the first damage case based on 5% 
noise-corrupted responses signals using Biorthogonal spline wavelet 
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Figure 12. The obtained results of damage detection for the first damage case based on 5% 
noise-corrupted responses signals using Coiflet wavelet 
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Figure 13. The obtained results of damage detection for the second damage case based on 5% 
noise-corrupted responses signals using Daubechies wavelet 
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Figure 14. The obtained results of damage detection for the second damage case based on 5% 
noise-corrupted responses signals using Biorthogonal spline wavelet 
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Figure 15. The obtained results of damage detection for the second damage case based on 5% 
noise-corrupted responses signals using Coiflet wavelet 

 
5.2. IASC-ASCE benchmark structure 
The benchmark structure is a four-story steel frame, two-bay by two-bay and quarter-scale 
model structure constructed in the Earthquake Engineering Research Laboratory at the 
University of British Colombia. Figure 16 shows the geometry of the benchmark structure. 
Details of the first phase of IASC-ASCE benchmark problem has been presented by Johnson 
et al. [22] also are available on IASC-ASCE Structural Health Monitoring Task Group web 
site [23]. The proposed method for the damage identification has been applied to case 1 of 
this phase benchmark problem, and the finite element model of the 12 DOF shear building 
model has been used. In this case, the three following damage patterns have been 
considered:  

1. All of the braces of the first story are broken  
2. One brace of the first story is broken  
3. 1/3 of area of one brace at the first story is cut  
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For each damage case, the mass and horizontal story stiffnesses are illustrated in Table 1. 
In all of damage cases, the reduction of stiffness is  at 10th second of earthquake 
accelerogram. In this example, El-Centro (1940) earthquake accelerogram has been applied 
for numerical simulation. 

 

Figure 16. Geometry of the IASC-ASCE benchmark structure [23] 
 

Table 1: Mass and horizontal story stiffness (MN/m) of undamaged and damaged model 

Story DOF 
Mass 
(kg) 

Undamaged 
Stiffness 

Pattern (1) 
stiffness 

Pattern (2) 
stiffness 

Pattern (3) 
stiffness 

1 x 3452.4 106.60 58.37 106.6 106.6 
1 y 3452.4 67.90 19.67 55.84 63.88 
1 θz 3819.4 232.00 81.32 213.12 225.71 
2 x 2652.4 106.60 106.60 106.60 106.60 
2 y 2652.4 67.90 67.90 67.90 67.90 
2 θz 2986.1 232.00 232.00 232.00 232.00 
3 x 2652.4 106.60 106.60 106.60 106.60 
3 y 2652.4 67.90 67.90 67.90 67.90 
3 θz 2986.1 232.00 232.00 232.00 232.00 
4 x 1809.9 106.60 106.60 106.60 106.60 
4 y 1809.9 67.90 67.90 67.90 67.90 
4 θz 2056.9 232.00 232.00 232.00 232.00 

 
Damage in the structures can be determined using the proposed method which employs 

the wavelet analysis. The obtained results of the application of the proposed method to the 
benchmark structure for the three damage patterns are shown in Figures 17 to 19. The 
structural damage has been detected within different wavelet mothers. The results reveale 
that there is a good agreement between the actual and estimated damage of the benchmark 
structure. Lastly, it can be concluded that this damage detection method is much more 
sensitive to the time of damage occurrence in the structure. This is due to the use of wavelet 
analysis in the presented method for signal processing. 
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Figure 17. The obtained results of damage detection for the first damage case of the IASC-ASCE 
benchmark structure using: (a) Daubechies wavelet, (b) Biorthogonal spline wavelet and (c) 

Coiflet wavelet 

 

Figure 18. The obtained results of damage detection for the second damage case of the IASC-
ASCE benchmark structure using: (a) Daubechies wavelet, (b) Biorthogonal spline wavelet and 

(c) Coiflet wavelet 
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Figure 19. The obtained results of damage detection for the third damage case of the IASC-
ASCE benchmark structure using: (a) Daubechies wavelet, (b) Biorthogonal spline wavelet and 

(c) Coiflet wavelet 
 
 

6. CONCLUSIONS 
 

In this study a new method presented for damage detection of structures under seismic 
excitation using the wavelet analysis. The present method is aimed at damage diagnosis of the 
structures based on decomposition problem. In addition, a wavelet-based approach is proposed 
for de-noising of displacement and velocity responses for damage detection problem. 

In the illustrative examples, the proposed method is applied to a numerical example 
namely a concrete shear wall and the first phase of IASC-ASCE benchmark structure. The 
results obtained indicate that the damage detection of the structures based on the 
displacement and velocity responses has shown a good clarity and precision. In addition, 
changes in the seismic vibration response signal are directly related to the changes in the 
properties of structures such as stiffness, damping and mass. Abrupt changes of these signals 
in the wavelet analysis show the damage of structure. By signal processing, we can detect 
the damage under seismic excitation but it is related to the nature of earthquake waves and 
the magnitude of excitation. This method helps for online monitoring of infrastructures to 
detect the damages that occur in structures.  
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