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ABSTRACT

This article presents a realistic analogy, with practical applications, between green trees and
manmade moment frames under similar loading conditions. The paper also introduces a new
facet of bioinspiration which attempts to benefit from some of the natural design strategies
involved in the structural performance of trees, rather than utilizing them as raw materials.
The paper suggests that bioinspiration can help transfer and improve basic design concepts
from trees to moment frames under seismic as well as gravity loading scenarios. For
instance, it has been shown that earthquake resistant systems can best be realized by
performing design led analysis rather than investigating analytic results and that structural
design should be performance based rather than instruction oriented computations. In other
words, it is preferable for earthquake resistant structures to be designed in accordance with
observed rather than expected behavior, i.e., desirable response characteristics should be
induced rather than investigated. These features constitute the core of the recently developed
performance control (PC) methodology that aims at rational design of engineering structures
under both service as well as extreme loading conditions. In the interim a number of new
design formulae have also been introduced. Two examples have been provided to
demonstrate the applications of the conceptual design similarities between green trees and
earthquake resisting moment frames.

Keywords: Performance control; earthquake resistant; moment frames; trees;
bioinspiration; lateral loading; uniform response; structural analogy.

NOTATION
F magnification factor H total building height U internal energy
(N integer coordinates | beam moment of inertia Vv shear force
H story height J  col. moment of inertia W gravity load
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h height from base K subframe stiffness G weight

M number of stories L span length 5,0 displacement
N number of bays M beam moment A displacement

S order of occurrence N column moment ¢ drift ratio

C numerical constant P gravity load o virtual rotation
E Elastic modulus M P  beam plastic moment @  mperfection

F external force NP  column plastic moment 4 total drift

Indexes, superscripts and the secondary symbols are defined, as they first appear in the
text.

1. INTRODUCTION

Architects and engineers have long known the benefits of bioinspiration for developing
outstanding habitats and structures. Naturally evolved structures tend to result in truly optimal
load bearing systems with respect to their function and environmental conditions, whereas the
same cannot be generalised for manmade systems. Nature has developed many solutions to the
problem of designing lateral resisting structures such as plants and trees. The characteristics of
natural structures as listed in the literature are equally valid for all living entities including
trees. However, a large number of organism-specific features have been identified which show
that trees do act as natural frameworks [1-8].

A comparison of the current and emerging structural design concepts [9-12], shows that
PC, [13-16], closely follows lessons learned from bioinspiration. A realistic, bioinspired
design strategy that aims at reproducing observed response of any structure may appropriately
be referred to as performance controlled rather than generically achieved. PC in this context
implies the ability to design a structure in such a way as to expect predetermined modes of
response, at certain stages of loading, extents of damage, and/or drift ratios.

The forthcoming parametric studies suggest that bioinspiration can help transfer basic design
concepts from trees to simple moment frames under lateral and/or combined loading conditions.
The process involving design methodology transfer from trees to moment frames, as expounded
in this paper is achieved through four distinct but interrelated studies. In the Step 1 study, an
attempt is made to identify and record the applicable characteristics of green trees that may be
associated with the design and construction of moment frames. Some of the applicable
characteristics of green trees, as perceived by the author and others are listed in the following
section. The most pertinent characteristics of tree joints, roots, branches and the stem from a
structural engineering point of view are presented in subsections 2.1 through 2.4. The in-depth
study of the research findings of these steps leads to the establishment of the fundamental design
principles presented under Section 3. These studies in turn lead to the proposed rules of
methodology transfer from trees to manmade moment frames discussed as part of the Step 4
studies in subsections 4.1 and 4.2. The most important lesson learned from bioinspiration is that
stresses and strains of green trees are optimized with respect to environmental conditions and
tend to remain constant throughout the loading history of the structure. The phenomenon of
uniform response as an important instrument of material optimization [19] is discussed in some
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detail in the forthcoming sections. Design mimicry leads to the generation of idealized moment
frames of uniform response (MFUR), [20-21] in which all beam ends develop the same level of
elastic or plastic stresses without overstressing the adjoining columns. These idealized structures
represent independent, fixed base moment frames, pin connected at the free ends of their
branches, with the strength of the branches and the trunk increasing from the free to the fixed
ends. Study Steps 5 and 6 consist of mathematical exercises that not only verify the validity and
the coherence of the proposed manner of strategy transfer from tress to moment frames but also
provide workable design examples for practical applications. Two exact, parametric examples
are provided to illustrate the applications of the conceptual design similarities between trees and
man made moment frames.

2. STRUCTURAL ATTRIBUTES OF GREEN TREES

All trees may be construed as cantilevered moment frames evolved to withstand various
combinations of gravity and lateral forces. Trees are essentially three-dimensional,
kinematically determinate systems that may be idealized as single degree of freedom objects
for basic dynamic analysis. The results of these findings are then used to draw meaningful
analogies between green trees and lateral resisting moment frames.

While there are countless numbers of natural characteristics that may be added to these
lists, the present findings are selected to validate the strategic guidelines that form the basis
of the recently developed performance control (PC) methodology for the efficient design of
earthquake resisting moment frames.

2.1 Structural characteristics of tree trunks and branches

Some of the most applicable characteristics of green trees, from a structural engineering
point of view that may be utilized in the design of earthquake resisting moment frames can
be summarized as follows;

1. Trees are structures of uniform response, stresses and strains of all sections of its load
bearing members are nearly the same under natural loading conditions.

2. Stresses due to self weight are minimal in comparison with snow and/or wind induced
effects.

3. The cross sections of the stem and the branches are nearly symmetric. Torsional, local
and global instability effects are minimized.

4. Branches and stems are structures of minimum weight. Each member is optimized for
its own form and function.

5. The circular/oval cross-section of the branches and the trunks can withstand relatively
greater compressive loads than any other solid cross section with the same amount of
material. Circular cross sections can withstand relatively larger plastic moments of
resistance than their equivalent rectangular sections. The shape factors for circular and
rectangular sections are 1.7 and 1.5 respectively.

2.2 Structural materials of trees
The most relevant properties of materials of green tress can be enumerated as follows;
1. All members of a tree are made out of the same basic materials with varying strengths,
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durabilities, toughness, thermal and elastic properties as required.

2. All trees are composed of purpose specific, direction oriented fibers.

3. All trees are made out of time tested, adaptable materials that can adjust themselves for
changing environmental conditions.

4. Lack of mechanical ductility in trees is compensated by higher flexibility and damping.

5. Tree trunks and branches are naturally pre-stressed in both axial and circumferential
directions.

6. Trees adjust their material strengths and composition in accordance with
environmental requirements.

2.3 Structural characteristics of tree joints and connections
An understanding of the modes of response of loaded joints of green trees can help develop
better earthquake resistant joints for practical moment frames.

1. Tree joints can achieve quasi-plastic response at extreme loading.

2. Tree routs are designed to be deformed and uplifted to a certain extent in order to
prevent permanent damage to the base of the trunk.

3. Tree joints possess higher toughness than their connecting parts.

4. Tree joints are designed to fail and undergo large rotations without damaging the
trunk.

2.4 Structural characteristics of trees as load bearing systems
The most applicable structural characteristics of green trees can be summarized as follows;

1. Trees are three dimensional, structurally determinate natural structures.

2. Trees can be classified as upright cantilevers and/or simple moment frames.

3. All tree members are singly connected cantilevered members, there are no simply
supported or closed loop elements.

4. Trees can tolerate stresses due to initial out of straightness, local and global P-delta
effects. (The P-delta moment which is the product of the total story level gravity force by the
lateral displacement of the same story, tends to reduce the overall stiffness of the framing of
that level and as such can lead to both local as well as global instabilities of the structure.)

5. Trees can sustain relatively large lateral displacements during extreme wind and snow
conditions.

6. Trees are essentially multi-degree of freedom systems with high damping
characteristics.

2.5 Trees as smart structures
Almost all trees adjust themselves for adapted environmental conditions and as such may be
regarded as smart structures. Matteck [18] has noted that, “ Trees optimize their mechanical
design by adaptive growth, and react by self-repair to loads disturbing their optimum
mechanical state.”

1. Trees are evolved (designed) following the laws of conservation of energy.

2. The leaves can orient themselves in such a way as to absorb/deflect sunlight, high
winds, rain water and shed snow.

3. Trees orient their configuration in such a way as to avoid maximum external forces.

4. Mechanical strength is highly optimized with respect to local form and function.
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5. Because of the multitude of independently vibrating elements and high damping
properties, trees seldom experience resonant vibrations.

6. Trees are known to shed leaves and fruit, even mature branches in order to reduce P-
delta effects and extreme stresses on the stem and the roots.

7. Trees grow on firm foundations with ample access to sunlight, moisture and nutrition.

8. Trees control and adjust their own performances through evolutionary processes.

9. All trees are environmentally friendly, energy efficient and recyclable structures.

10. In all trees framing patterns are highly repetitive.

11. In living trees failure and deterioration occur gradually, with the least important
members failing first followed by the breakdown of the next important elements until no part
of the system is stable.

2.6 Natural design strategies

While there are many differences between biology and structural engineering, this study
concentrates mainly on the practical similarities that may help propose bio-inspired design
strategies for certain types of manmade moment frames.

1. Trees appear to be formed in accordance with the rules of limit state stress distribution
and minimization of external loading.

2. In green trees theories of structures and material science are embodied rather than
followed.

3. Trees as natural structures are designed for functional (service) as well as survival
(extreme) conditions. Function dictates the load paths and the stress-strain relationships in
green trees.

4. Trees are generally symmetric in shape, with little to no eccentricity of the center of
gravity. In green trees cross sections are as strong as needed. No part is stronger than
needed.

5. Constitutive elements of trees are either repairable or can be compensated for.

6. The configurations and strength of trees are optimized with respect to their functions.

7. The total amount of energy expended to build and maintain a green tree is a minimum
with respect to its function and environmental conditions.

8. The effects of out of plumbness in trees are compensated for by a combination of
shifting of the C.G. of the tree and the additional resistance of the affected sections.

9. In the creation of trees, design and construction are not independently organized. In
nature, planning and implementation are accomplished simultaneously.

3. DESIGN-RESPONSE ANALOGY

Results of several investigations, [5, 17-18], including the current research, point towards
near perfect analogy between the evolutionary development of green trees and the laws
governing the efficient design of earthquake resisting moment frames. A study of these
results not only leads to the formulation of rational guidelines for the planning of efficient
moment frames, but also verifies the validity of some of the existing rules of general
application. Since the proven performance of trees can be assessed in terms of known
principles of material science and applied mechanics, then their adaptive strategies for
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survival can be utilized as ideal guidelines for planning man made moment frames. It is
therefore reasonable to try to transfer structural design knowledge from living trees to
engineering frameworks.

3.1 Strategic guidelines for selecting natural design strategies
The purpose of this section is to introduce a new facet of bioinspiration which attempts to
unravel the natural design strategies involved in the structural performance of trees, rather
than synthesizing new load bearing forms, substances and/or utilizing them as raw materials.
And in doing so, the following guidelines come to mind,;

o Develop a feel for the response of the real structure under all functional conditions.

o The laws of conservation of energy should be observed as the fundamental guidelines for

the conceptual design of the moment frame under consideration.

e Theories of design and construction should be applied rather than followed.

e The fundamental idea expounded here is that the response of moment frames should be a
function of design and construction rather than analysis.

¢ Planning should be based on design led analysis rather than analysis for design.

¢ Structural design should be performance based rather than instruction oriented. In other
words, structures should be designed in accordance with observed rather than expected behavior.

o Desirable response characteristics should be provided for (induced) rather than
investigated.

e |tis constructive to induce and/or apply the desirable design conditions to the proposed
moment frame rather than checking the analytic results for compliance against prescribed
criteria.

e Minimize the self weight of all load bearing elements with respect to governing loading
conditions.

3.2 Technical considerations for practical design applications

While the real life performance of trees can be looked upon as useful guidelines for
engineers, the established principles of structural mechanics should also betaken into
consideration for practical design purposes.

e Preferably, moment frames should be constructed out of similar members and
materials.

e Ina progressive collapse scenario, the premature failure of the base or foundation of
the structure should be avoided at all cost.

e Develop a design strategy that is based on observed performance rather than expected
response. Begin with planning a firm foundation for the proposed structure.

o Generate a statically determinate or quasi-determinate structure of uniform response
for combined gravity and lateral loading. Lateral loads are known to generate constant drift
ratios along the heights of moment frames of uniform response.

e Arrange the constituent materials /elements of the system in such a way as to
maximize their stiffness and to lower their centre of gravity.
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e Allow for material and geometric imperfections.

¢ Reduce dynamic effects by increasing the fundamental period of vibration. Provide as
much damping as possible.

¢ Induce uniform drift in order to minimize secondary and instability effects.

e Allow for service and extreme functional displacements throughout the loading
history of the structure.

e Prevent catastrophic failure through increased ductility, local and global stability as
well as installation of fail-safe devices, etc.

o Allow for preplanned sequences of formations of plastic hinges at all beam ends.

e Implement the strong-column weak-beam principle and prevent and/or delay the
premature formation of plastic hinges at column feet.

¢ Constitutive elements of structures shall be repairable, environmentally friendly and
recyclable.

Both the strategic as well as technical considerations discussed above can be brought
together as the conditions of analogy presented below.

3.3 System and member analogy

In order to utilize the functional and technical relationships that exist between green trees
and moment frames, both the inspired as well as the established principles of science should
be coalesced in favor of safe and economic solutions. Therefore, in order to capture and
transfer design knowledge from trees to moment frames, the following basic rules of
analogy should be taken into consideration:

e Structural similarities: i.e. the kinematics, geometry and the framing type of the model
and the prototype should be closely similar, the distribution, use and behavior of materials
should be similar in both systems.

e Functional similarities: i.e. both the model and the prototype are to withstand similar
loading and environmental conditions.

e Response analogy: i.e. both the model and the prototype are expected to achieve the
same response objectives against comparable service and extreme loading conditions.

e Economic viability: i.e. the bioinspired design should be more cost effective that it’s
classical counterparts

3.4 Member equivalency

System equivalency may be achieved if the constitutive members of the moment frame, i.e.
the beams, connections, columns and the supports can be simulated to perform much the
same way as their counterparts in trees, i.e. the branches, the joints, the stem and the roots
respectively of the prototype. Member equivalency and its extension, weight equivalency,
are simple conceptual tools that have been devised to compare the bending of naturally
occurring cantilevers to single span beams with different boundary conditions. Member
equivalency is best introduced by way of the following example, where a straight fix ended
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beam under uniform load q, Fig. 1(a), is assumed to be equivalent in nature to two
cantilevers with similar or varying cross sections under similar loading.
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Figure 1. (a) Fix ended beam under uniform loading, (b) Twin equivalent, weight improved
cantilevered beams under uniform loading, (c) Fixed beam under equal end moments, (d) Twin,
equivalent, weight improved cantilevered beams under concentrated end loads.

It can be assumed that for any flexural element of uniform cross section such as that
shown in Fig.1 (a), the total self weight can be computed as [1]:

G, =AM, )

where suffixes a, b etc. refer to beams a, b etc. respectively, and » is a constant of
proportionality. Hence, for any flexural element of tapering section, such as that shown in
Fig. 1(b), the weight per unit length may be related to the moment of resistance of that
section, then the total self weight of the equivalent beams of variable section can be
estimated, to a good degree of approximation, as:

G, =27 j; M (x)dx )

where, M (x) is the plastic moment of resistance of section x of the element. Equations (1)
and (2) may be utilized to show that for any single span beam of uniform section, e.g., Figs.
1(a) and 1(c), there can exist twin, reduced weight, cantilevers of variable sections such as
Fig.s 1(b) and 1(d) respectively, where the total weight of the modified systems are always
less than or equal to that of the original member, i.e.:

G, <G, and G4 <G, 3)
_ p _}/ql_3 _ % _ % ﬁ _}'qL3
Where, G, = /M |__—16 and G, —ZyL M, (x)dx = 2yIO { 5 dx = (4)
AP o[ CooEfemx ] omEL?
G, =/MPL and G, _2yj0 M 4 (x)dx = 240 [ ; }dx_ : (5)

Similar arguments can be presented for other practical loading and boundary support
conditions such as those depicted in Appendix 1. However, for the sake of brevity the scope
of the current article has been limited to equivalent elements of uniform cross section only.
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4. TECHNOLOGY TRANSFER FROM TREES TO MOMENT FRAMES

Transfer of knowledge from nature to man made objects does not necessarily entail the exact
duplication of the natural behavior but rather the emulation of the PC or the strategies that
lead to the observed results. For instance, the partial stretching and lifting of tree roots may
be emulated by the ductility of the grade beams and the anchor bolts in the steel stanchions.
Similarly if P-delta effects are reduced through shedding of excess loads on the branches and
leaves, the same effects can be minimized by reducing differential drift between consecutive
story levels in moment frames and similar systems.

4.1 The idealized moment frame

As the first step towards technology transfer from trees to moment frames consider the
idealized moment frames of Fig. 2. If nature intended to create multi bay, multistory
earthquake resistant moment frames based on its own rules of design, perhaps it would
replace the customary continuous or fixed beams of Fig. 1(a), with equivalent cantilevers of
Fig. 1(b), and connect the free ends of the branches to each other by means of naturally
evolved frictionless hinges, such as those shown in Figs. 2(b) and 2(c). The vertical
cantilevers of Figs. 2(b) and 2(c), with horizontal branches, represent idealized, perfectly
straight, basic models for tree inspired moment frames in the same vertical planes. While
both structures can be designed to withstand combined gravity and lateral forces, the
moment frame of Fig. 2(b) appears to be better suited for absorbing lateral forces by
engaging the resistance of its beams as well as the inter story stems, than by the bending of
the full height cantilevers of Fig. 2(c). For this reason attention is focused only on the PC of
the former configuration with built in geometric imperfections. The response of the selected
frame is related to the behavior of representative subframes such as those shown in Fig. 3.
Instead of being analyzed, these subframes are forced to deform compatibly and in
equilibrium with each other throughout the loading history of the structure.
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Figure 2. (a) Generalized lateral loading, (b) Idealized, tree like moment frame, (b) Idealized,
tree like moment frame with suspended beams.

PC is the structural methodology that aims at rational transfer of design technologies
from tress to moment frames under both service as well as extreme loading conditions.

4.2 Elements of performance control
Performance control, as a structural design methodology is the most applicable feature of
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bioinspiration adopted in this article. In the realms of structural analysis PC implies the
imposition of desirable observed behavior rather than searching for suitable results, and as
such it is based upon the fulfillment and/or implementation of the following design
conditions that:

The selected configuration is suitable for the proposed functions. i.e., there are no
significant irregularities. However, the effects of geometric and material imperfections can
be incorporated as part of the general design strategy.

A moment frame of uniform response MFUR with constant drift angle can be generated.
MFUR lend themselves well to demand-capacity adjustments during all phases of the
loading. The basic rules governing the generation of MFUR are developed under sections
5.1 and 5.2 below.

The sequences of formations of the plastic hinges can be controlled in such a way as to
meet target displacements and/or reduce stiffness degradation as required. Several
commonly available technologies including reduced beam sections (RBS), added flange
plates (AFP), etc., can be used to regulate the sequences of formations of plastic hinges in
MFUR.

The strong column weak beam condition can be imposed throughout the frame, i.e. no
soft story failure can take place.

The premature formation of plastic hinges at column feet can be prevented. This can
enhance the displacement development potential of the system.

Target displacements at specified load levels shall not be exceeded.

In this particular context PC is the structural methodology that aims at rational transfer of
design technologies from trees to moment frames under both service, i.e., elastic, as well as
extreme loading, i.e. incipient collapse conditions. Results of inelastic static, push-over and
dynamic time-history analyses [11] have shown that Performance Based Plastic Design
methods can successfully be applied to almost all types of code recognized earthquake
resisting systems. The phenomenon of uniform response as an important contribution of
biomimetics is discussed in some detail in the forthcoming sections.

5. GENERATION OF MOMENT FRAMES OF UNIFORM RESPONSE

The next step in mimicking a design strategy from green trees is to generate a MFUR in
which all beam ends develop the same level of elastic or plastic stresses without
overstressing the adjoining columns. Any MFUR designed by the provisions of Section 4.2
can also serve as an envelope of several initial designs within which member sizes could be
adjusted and/or modified for any purpose while observing the prescribed performance
conditions. However, for practical member sizing purposes, only the study of two essential
modes of response of MFUR, with initial imperfections, at first yield and at incipient
collapse is warranted. The most important attributes of MFUR can be summarized as;

e  MFUR represent minimum-weight design envelopes within which member sizes can
be rearranged in such a way as to optimize material and construction costs without violating
the prescribed member selection conditions.

e MFUR are ideally suited to performance control where target displacements can be
related to any loading stage, including incipient collapse.
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e In MFUR selected groups of beams and columns share the same drift and demand-
capacity ratios.

e The ratio of total internal energy of any of MFUR to that of anyone of its levels,
such as the roof, is equal to the ratio of the global overturning moment to the overturning
moment of that (roof) Level.

e The ratio of stiffness of any two floors of a MFUR is proportional to the ratio of
shear forces of the two levels multiplied by the inverse ratios of their heights [14, 15, 20,
21].

e All MFUR may be treated as statically determinate, SDOF structures.

5.1 Conceptual considerations
It is instructive to note that while small floor loads, i.e. gy, <4MP /L% have no effects on

the lateral carrying capacity of the system, axial loads P tend to reduce its efficiency linearly
from full capacity to zero atP/P, =1, [14, 22]. Furthermore, comparing Qg With

Quitimate =4M © /L2, it may be concluded that in general g, < Quimae /2 - 1N Other words, the

magnitude of a uniformly distributed load may be considered small if it is less than half of
its plastic collapse value acting alone on the same beam. Therefore, it may be concluded that
moderate to small gravity loads have little to no effect on the drift and ultimate carrying
capacity of earthquake resisting moment frames, which are designed for code level
earthquakes. Expectedly, the locations of the imaginary hinges of Fig. 2(b) coincide with the
points of inflexions of the beams of the prototype under lateral bending. The physical
implications of these hinges together with the geometric requirements of the uniform drift
move the locations of zero moments of the columns towards their mid height. These
considerations reduce the otherwise complicated task of structural optimization to direct
design through rational member selection and observation of recommended rules of
application. The elastic and plastic performances of generalized MFUR are studied
independently under Sections 5.2 and 5.3 respectively.

5.2 Basic linear analysis
The general scheme of a representative subframe of uniform response with initial
imperfection &, = ¢,h, under lateral shear force Vv; and total accumulated axial nodal load

R ;is depicted in Fig. 3(a) below. The conceptual considerations described under 5.1above

allow the drift ratio of a typical subframe, Fig. 3a, without due consideration to
o, and P-delta effects, be expressed as [20];

1 Vih; LV hi +Viihin ©6)

= n n -
12E ZJ_:OJ”./hi ijlli,j/Lj

The subject moment frame is a structure of uniform response, therefore groups of its
members with similar features such as beams and columns of the same bay will be forced to
share the same demand-capacity ratios regardless of their location within the system, and as

¢
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Fig. 3. (a) Laterally loaded subframe of uniform response with initial out of straightness, (b)
Simplified straight model with zero gravity loading under notional lateral forces.

such the rule of proportionality, [20], requires that if T, ; =1; ;+1,
then,

+1’j and MI,J =M|,J+M|+1,J

i+1N4+1
no - n 7
Zj:lli,j/Lj 221_:1|”-/Lj @)
Note that while T, ; represents the moment of inertia of beam ij of the subframe of Fig.
3(a), I;; stands for the proportion of I, ; contributed by the upper beam of the imaginary
subframe of Fig. 3(b). Equation (7) may now be used to simplify Equation (6) as:

_ 5 _Vih (R v, ©
h  12E nor n K:h:
' Z:,eoki’j szelki'j H

which describes the response of the simplified subframe under the same loading conditions as
the prototype? Here,V;, k; =1;;/L;;and k ; =J; ;/h; ; are the story level shear force, beam
and column relative stiffnesses respectively. Equations (6) and (8) are associated with Figs.
3(a) and 3(b) respectively and yield the same inter story drift ratios ¢, . However, Equation (8)

lends itself better to the inclusion of initial imperfections as well as the P-delta effects. For a
more comprehensive discussion of this topic the interested reader is referred to [23- 26].

5.2.1 Development of equivalent notional loading

While Fig. 3(a) depicts an imperfect subframe under lateral and axial loading, Fig. 3(b)

represents its equivalent perfect counterpart under notional shear forces V; and V; with zero
axial loads. Supposing the effects of the axial joint forces and the initial imperfections ¢,
could be studied through the following equivalent/notional force equations:

¢

n — n =
ijopivj5i =Vih; and ijopi,jhi(/’i =Vih 9)
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or V; =Ps, /h, and V; = Py, respectively, where P ZZLOPH is the total gravity load acting

on i level, then Equation (8) may be expanded to include the additional effects of V; and V. ,
ie.

A :i+_|+i or Ai — Vi + /uiéi — Vi + Pi%i (10)
Ki i K Q=m)Ki  Q-p) Q=K

where z; =R /K;h; and f,; =(1-4) are commonly referred to as the corresponding stability

quotient and the load magnifying factors respectively. Simply stated the magnitude of the
effective shear acting on the perfectly straight model with zero axial loading may be
computed as:

Vi + R

Vv, +\7i +\7i = (0 )K,
1 I

(11)

If the original moment of resistance of the system with P, = ¢, =0 is symbolized by M,
5; =V, /K; denote the total lateral displacements of the structure with and without the

combined P-delta and out of straightness effects respectively, then it may be shown,
Appendix 2, Equation B (2), that:

6‘ +g ¢5| +§00i
A =— L and y, =70
I (- 14) Vi (L-14) (12)

where y; is the total drift ratio due to all causes including the initial imperfections. The
novelty of Equations (11) and (12) is in that they can allow for variations of ¢, along the

height of the structure. The required stiffness for any such subframe may now be expressed,
Equation B (3), as:

Vi +viR

K; =
(Wi — ooy

(13)

The significance of Equation (13) is in that it not only directly relates the P-delta effects
and the initial imperfections to the target displacements and the desired total stiffness, prior
to making an attempt at numerical analysis, but also provides a direct means of controlling
the corresponding load reduction or stability function in terms of the initial and final
geometric parameters, i.e.:

fos = (=) =1— R :1_{3% _Pi(poi:| (14)

Kih; Py +V,



910 M. Grigorian

It has been reported [27, 28] that uniform drift can help improve racking stability in all
categories of moment frames. A consideration of the equilibrium equation of the subject

subframe in terms of its internal moments M; ; and N; ; acting at the joints i and j of beams
and columns respectively, gives:
-+ Pgo ik, | P oo )ik;
Mi,' _ (V| + |(/70|)n| i, j and N ,] (V| + q’ol) i,j (15)
4(1—#i)zj:lki, 2(1—/4)21.:0 i

The difference between y; and y;,, is known as the drift shift [28] and can be minimized
or reduced to zero by imposing a uniform inter story drift y; =y, ,, =, =¢ along the height
of the structure. If the structure is of uniform response and ¢ is known, then the following

general laws of proportionality may be employed to assure uniform drift along the height of
the frame:

L ViKih? ] ViKih? ]
3 |t B ang 3ok | I S )

=0 m Jj=1

If 1;; and J;; are selected in accordance with the requirements of Equations (16), then

the subject structure can be classified as a MFUR, and as such the corresponding solutions
may be considered as exact and unique [29,30].

5.2.3 Modeling and member selection strategies

While there are several options for the preliminary selection of the beams and columns of
any MFUR, certain alternatives [14] appear to be better suited for performance control,
strategic decision making as well as mathematical modeling. A study of Equations (8)-(15)

reveals that subframe stiffness K; and its components z;foﬁi'jand Z'}flki,jare

independent of the positions of its members along the length of the frame during all phases
of the degradation process or loss of stiffness of the structure This implies that the members
of the mathematical model can be arranged in such a way as to simplify the corresponding
sequential computations and provide insight into the behavior of the structure throughout the
loading history of the system starting from zero to first yield and from first yield to incipient
collapse. In developing the mathematical formulae of Section 5.2 an observation was made
that the redistribution of moments through formation of plastic hinges at the ends of the
beams forces the corresponding points of inflexion to move to mid span, whence the
corroborating assumption that points of inflexions of all beams also occur at their mid spans
during the initial elastic stages as well as plastic modes of response. This is an excellent
assumption with inconsequential margins of error since the solution becomes more accurate
and eventually exact as plasticity spreads over the remaining members of the structure.
Since efficient MFUR are designed, to fail through global, kinematically acceptable,[31-
32], sway mechanisms involving beam end plastic hinges only, then a well arranged model
would lend itself to a more insightful study of the sequences of simultaneous failures of the
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beams of the bays, rather than the order of formation of individual plastic hinges. For
instance, if the beams of constant cross section of the prototype are specified as L, =1.5L,

L, =2L and L; =L, then the spans of the model, as in Fig. 4a would best be arranged in the
descending order of the stiffnesses of the individual beams, i.e., L =L, L,=15Land

5.2.4 Introductory example 1, generation of a MFUR with initial imperfections

Generate an mxn=4x3 MFUR corresponding to Fig. 4a, under lateral forces F, =Fh /H,
nodal axial forces p; ; = p and initial imperfection ¢, =0.0025 radians. Compute the lateral
shear force F, at first yield in such a way as not to exceed the target drift ratio 4, < 0.01
radians. Assume p=2F and use beams of constant cross sections for all levels such that
L=l M7 =MF, 3 =1.Use; 3,9=3,3=J; and N7, =N7;=am7 and J;,=J;,=2J;and
N =N, =24M] for the exterior and interior columns respectively. h=L, 1=J and 1>1.
Here A is the code required over strength factor.

1.5} 2L

@)

()
Figure 4. (a) Geometry and loading, (b) Collapse mode & sequence of failures of bays

Solution: Select the properties of the members of the uppermost subframe as; 1, =1,
Mp=M?, 3 0=3ns=3, In1=Jn,=23, Noo=NF =aMPandNf, =N}, =2amF for level m.
It follows that; ko =ks3=J/h, kyy=ksp =23/h, kyy=1/L, ks =21/3L,ky5=1/2L,

n=3 n=3 — n=3 . .
Py=>  ps;=4p=8F, zj:OkM =6J/h, ijlkﬂ =131 /6L. Equations (8) and (13) give;

j=0

respectively.

A _hfh 6L | 3 VatdP _ (F+.O01x8F) 144F
K, 12E[6J 2x13I| 936El T (Gra-oah,  (001-.0025h
See Appendix 3. The elimination of K, establishes I =1, =4.7692Fh?/E. The load reduction

factor
For  the roof level subframe may  now be computed as;

P, 8Fh 17
fora=0-p)=1- =1

K., ~ 144Fh 18"
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Obviously since the beams of bay number 1 are stiffer than the corresponding beams
of the other two bays, first yield occurs at the ends of the former set of beams, whence

Equation (15), Appendix4 gives, M,, =M/ =MP" =0.1319Fh, M,, =0.0879Fh=2M" /3 and
M, 3 =0.0659Fh=M"/2.

Therefore F=F, =7.5815M" /h. The complete parametric solution of Example 1 is

presented in Table 1 below. The results of this table indicate that the most important utility
of PC is its ability to control the magnitude and distribution of moments with respect to
predetermined force levels and stipulated drift angles. In other words the quantities | and J
can be computed in such a way as to maintain a uniform drift along the height of the frame.
The drift profile in Fig. 4b is a straight line.

Table 1: Numerical solution of Example 1 MFUR with ¢, =0.0025, ¢, =0.01 and

| = 4.7692Fh?/ E
i FKRIF  V/F h; Vihi/Fh K /(h/F) fori i /1 /1 M /Fh Mi,/Fh
4 1.0000 1.0000 1.00  1.0000 144.00 00.9444 1.0000  1.01.0000  10.1319 0.1319
3 08182 1.8182 125 22728 211.00 00.9393 225298  3.5298 0.2430 0.3740
2 05909 24091 150  3.6137 235.48 00.9321  44.4509  6.9809 0.3279 0.5709
1 03182 27273 175 47728 232.18 00.9212  66.4909  10.9418 0.3817 0.7096
0 27273 - 550  11.6593 - - - 46.4909 - 0.3817

6. ULTIMATE LIMIT STSATE ANALYSIS

The mathematical nature of Equations (8), (11) and (13) suggest that the second order
behavior of the subject subframes can be incorporated as part of any stepwise first order
analysis by means of equivalent notional force modeling, where the notional forces are
assumed to act concurrently with the applied lateral forces on a perfectly straight model with
no axial loading. Here, the idea has been further developed to establish a simple elastic—
plastic procedure that reduces the task of otherwise complicated nonlinear computations to
direct formulation of the elastoplastic response of imaginary subframes as constituent parts
of the MFUR.

If the analysis of an imperfect or skewed MFUR subjected to global P-delta effects is
compared to that of a theoretically equivalent straight frame free of axial forces, it may be
seen that there are certain similarities between the analytic stages of the two systems. The
inherent likenesses between the prototype and equivalent model always lead to the same
results. Here, the equivalent notional force concept has been utilized as the progenitor of
progressive simultaneous group failure modeling, where the notional capacities are treated
as the inherent property of the equivalent frame with zero P-delta effects.

6.1 The stepwise approach
Consider the preferred progressive group failure pattern of Fig. 4b under factored lateral
forces F, initial imperfection ¢, and nodal axial loads p;;. If the plastic moments of

resistance of the beams and columns of the frame are denoted by M, and Nf; respectively,
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where by the requirements of the strong column-weak beam principle
(NS + NP =AM +M7),) and 2>1 is the column over-strength factor, then the plastic

bendlng moments required to generate first yield at the ends of the beams of the first bay or
identical bays of the uppermost imaginary subframe, i =m, may be computed as:

(Vm + Pm(DOm)hmkm 1

n
A=) YK

The terms P,¢p,, and ., describe the effects of initial imperfections and the global P-
delta phenomenon on the elastoplastic response of the selected subframe. Now, if there are
r<n distinct loading stages identified by the subscript s =1, 2....r and 1<r  <ris the
number of simultaneously failing bays at stage s, then the magnitude of the total lateral force

needed to generate first yield (plastic hinges at the ends of the beams of bay number 1) at the
culmination of phase one loading can be estimated as:

My = =MFP and M, ; = (thJM for j=1,2...j,....n (17)

m,1

4rm = 1M

km h (1- Hm,s= 1) zkm r (18)

r=s=1

(Vms 1+ m,s=: 155¢0m)_

Where, st=1 for s=1 and st =0 for s>1 has been introduced to limit the effects of initial

out of straightness to the nonlinear response of the system within the elastic range. Next,
bearing in mind that that the sequence of formation of the plastic hinges of any level is the
same as the descending order of the stiffnesses of the beams of the same floor, then the
effective moment induced in the remaining elements of the subframe at the end of phase one

loading can be computed by Equation (17) as \ (k,, ; / k,,)@- )M . Therefore the balance of
bending moments needed to elevate the moments of resistance of the beams of the next bay
or bays to MP"can be computed as [(1- )~ (1-)(Kno /Ky )IM®, whence the amount of

additional force required to generate plastic hinges at the ends of the beams of the next
stiffest bay or bays can be expressed as;

amP K seo « |2
Vm,s:z :—l}'m,s—z(l_;um,s—z)_Tm,s—l(l_,um,s—l)( 2 2):|ka,j (19)

km,s:th I(m,s:l j=s
Or in its most generalized form as:

1-— 1-— P
Vm,s +P531¢0m 4|,'\]/| |:Tm s(k Hm, s) _Tms 1lE Hm,s l):lzk 4::/' a(m,s) (20)
m m,s m,s—1 i=s m

Similarly, the corresponding incremental displacement may be expressed as:
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_Vm,s + P551¢70m _4M Pa(m,s)
(1_/Jm,s)Km,s (1_/1m,s)Km,shm

(21)

m,s

Here function «(m,s) has been introduced for brevity of text only. However, if there are

r <n distinct loading stages then the total lateral force, V,” needed to cause plastic failure of
the subframe can be computed as:

P r

. L 4aM aMP <
Ve + Py = Z(Vm,s + Pnds@om) = h Za(m1 s)= Z(l_,um,s) (22)
s=1

s=1 m  s=1 hm

And the corresponding total lateral displacement at incipient collapse with respect to its
base as:

. MP G a(m,s)
AP =D A =
" Z " hm ;(1_;um,s)Km,s (23)

If P, = @om = 1y =0 and r=n, Equation (22) leads to the well known result; v,” =4nM P /h,
[20]. Next substituting for mM" from (22) into (23) and replacing, y,,, - ¢, = A}, .5 it relates
the maximum target drift to the collapse load as:

Ve +Poyn) = a(m,s)
zrfl(l_,umvs) s=1 (1_ﬂm,s)Km,s (24)

Yp — Pom =

The applications of group of Equations (16) through (24) have been studied in the
following example.

6.1.1 Introductory example 2, ultimate load analysis
Study the nonlinear behavior of the MFUR of Example 1of Section 5.2.4 above, compute
the ultimate carrying capacity of the roof level subframe and check the adequacy of the

selected section properties in terms of the specified drift ratio at incipient collapse; ¢P§
0.02.
Solution: From example 1: k; =k, #k; then s=3 and z,, =1 for all s, then the sums of

the stiffnesses of the beams and columns of the subject subframe at the first, second and
. . n=3 n=3 —
third stages of loading can be computed as ijlkm-:lSI/GL and Zj20k4,j=63/h,

n=3 n=3— n=3 n=3 —
D kag=7i/6L and 3Tk, =53/hand Y Tk, =31/6L and Y Tk, =33/h

j=1
respectively. Consequently the corresponding stifnesses of the degrading subframe, using

2 3 2 3
Equation (8), become L:*‘—{LJF oL } 31n !t _h {lju 6L }: a4h
Kyeer 12E[6J  2x13I 5] 2x71 | 840El

C936ElT K., 12E
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2 3
and 1 __" [l+ 6L }: 8n respectively. Similarly the stability quotients # of the
Ksss 12E[33  2x31| 72El
2 2
tree consecutive stages become; 4, , = Ps _8Fx3ih y Hpsn = P 8P4 ong
' Kysahs  936EI ’ Kssohs  B40EI
P, 8F x8h?
Upsg = = respectively. Substituting for u— , Equation (20) gives for
’ Kysshy  72El
s+ =1 fors=1and st =0 for s>1:
P P
Vi st +0.02F = 4M [a- 02650;1)] Visop = M E(1—0.4191y)—(1—0.2650;1)}% and
4MP[2 3 3 . :
Vi =—— I(1—0.8888;1)——(1—0.4191/1) 5 as the incremental lateral forces leading to the
. p 12M°F
plastic collapse load v, =—(1 0.5243u )-0.02F,. Equation (22) also yields:
b amP 12m”
V> +8F, x0.0025 = [3—(0.2650+0.4191+0.8888) 1| = [1-0.52434] (25)
m m

Similarly, Equation (21) gives the corresponding incremental lateral displacements as:

P 2
1-0x u)]= 0.2870M h

3 PRL2
31n° 4am°® [ - )}13 1612M *h? ¢ (262)

ms1 = 936E] | 5616El

P2 _ Ph? -
4x44M Ph F_;(l 0.2650;1)}1202444M h {1_5_(1 0.2650/1)} (26b)

™27 TG40l |2 1(1-0.4191) El (1-0.41914)

P2 PR2 _
. 4x8M"h’[2 3 (1-041914) |3 _ ) pppMPh?[,  1.5x(1-0.41914) (260)
! 72El |1 2(1-0.8888y) |6 El (1-0.8888 )
th M Ph2 _ pp2 _
e _og7oM % MP?T e (02444-006481) | MPh2[ . (0:3333-013974)
El El (1-0.41914) El (1-0.88881)
_ _ P2
A'?ns o = 1(0.2870+0.3666 + 0.4444) — 0.2444 0.0648,u+0.3333 0.1397 || M "h (26d)
1-0.4191u 1-0.8888 El
For =0, Eq. (26) gives;, A" ._,= 052 M™h® _052Fh’ _7.6879Fh" _ V It may be
SRR P Oms= T 4EI El KP oy
deducted from Equation (25) that F, =12M " /h. Since, F, =7.5817M " /h,then R, =0.6318F .
2
Eq. (13) yieldsk} . , = Fp +0.16F, _11011F, —768795 andyzﬂzwﬂ).lzzz.
(0.02-0.0925)h ~ 0.0175h h El 6292

Since, I =1, =8.1833Fh?/E > I, , target displacements at collapse govern the final design.
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P
Finally, the substitution of x in Equations (25) and (26), results in force Fp =11.215MT and

P2 2
displacement Afn,s:3=0-51ME|h =22.1816% respectively. While the proposed step by

step solution is accurate, provides insight into the nonlinear response of the structure
throughout the loading cycle and is well suited for spreadsheet and mechanized treatment, it
is rather cumbersome and not as quick and as reliable as the modified virtual work method
introduced below.

6.2 The modified virtual work method

The virtual work method of structural analysis is commonly associated with linear behavior
of linear ductile systems at collapse. In this section an attempt has been made to extend the
applications of the method to the solution of certain nonlinear problems. Despite its analytic
elegance, the virtual work method of structural analysis cannot be utilized directly for
nonlinear higher order computations. However, Equation (22) indicates that if the terms

Po., and (1-z ;)M” =M ; are treated as equivalent notional forces and notional capacities

respectively, then Equation (22) may also be looked upon as the virtual work equation that
equates the total virtual work of the external effects, in