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ABSTRACT 
 

Instead of the usual neglecting, this study takes advantage of the second-order axial strain 

terms in the elastic constitutive equation of three-dimensional truss. This leads to higher-

order terms on the resulting unbalanced force and on its corresponding tangent stiffness. The 

finite element procedure and updated Lagrangian descriptions are utilized with the new 

stiffness matrix. Furthermore, governing equilibrium equations are solved by using 

cylindrical arc-length approach. The validity of the proposed algorithm is checked by 

numerical examples. The outcomes indicate that the authors' formulation possesses the 

ability to trace the equilibrium path completely. Moreover, the obtained answers are 

identical with the exact results of other researchers. 

 

Keywords: Second-order strain; tangent stiffness matrix; space truss; updated Lagrangian; 

cylindrical arc-length. 

 

 

1. INTRODUCTION 
 

Nonlinear analysis is needed for reflecting the real behavior of some constructions. Indeed, 

most of the structures exhibit a number of inelastic behaviors before reaching their ultimate 

strength. There are two different types of nonlinear performance in the analysis of structures, 

which are called material and geometrical nonlinearity. The change of geometry under 

external loads is a critical criterion in the static position of space trusses. Many studies have 

been conducted into the nonlinear response of truss structures resulting from the changes in 

geometry of truss members. Jagannathan et al. and Rothert et al. concentrated on the 

behavior of snap-through buckling in reticulated truss structures [1, 2]. The stability analysis 

of lattice structures was performed by Holzer et al. [3]. Papadrakakis utilized vector iteration 

method for spatial structures [4], and dynamic relaxation procedure for truss structures [5]. 

As a general rule, the response of geometrical nonlinear structures under large loads has 

some limit points. In another study, the performances of snap-through and bifurcation points 
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of a simple truss were explored by Pecknold et al. [6]. 

Researchers also introduced material nonlinearity in the real behavior of structures. The 

effect of local buckling on the overall response of geometrically perfect and imperfect truss 

structures was studied by Kondoh and Atluri [7]. Hill et al. suggested a truss pattern based 

on the appropriate stress-strain relationships [8]. This model traces the plastic post-buckling 

nonlinear behavior of space truss structures. The ability of this model was improved by 

using dynamic relaxation technique by Ramesh and Krishnamoorthy [9] and arc-length 

method by Blandford [10, 11]. Toklu minimized potential energy using an adaptive local 

search procedure [12]. Saffari et al. utilized a mathematical algorithm and a set of suitable 

assumptions in order to present the accurate behavior of space truss structures [13]. Hills' 

truss model [8] was extended to perform the geometric and material nonlinear analysis of the 

space trusses by Thai and Kim [14]. Zhou et al. analyzed pre-stressed space trusses with 

geometrically imperfect [15]. Higher-order stiffness matrix was formulated in the elastic 

large displacement analysis of plane trusses by Torkamani and Shieh [16].  

To find nonlinear solution of a structural problem by the finite element method requires 

the related consistent tangent stiffness matrix. According to the literature review, low and 

higher-order stiffness matrices are available for analyzing the plane truss. In the authors' best 

knowledge, no stiffness of the space truss has been so far derived, which contains the first 

and second-order terms of the strain vector. In fact, most of the researchers neglected the 

second-order terms of the axial strain. This action affects the satisfaction of equilibrium 

equation, as well as the convergence speed of the solution process. The purpose of this study 

is the nonlinear analysis of three-dimensional trusses by formulating a new tangent stiffness 

matrix. Additionally, the verification of this procedure through various numerical examples 

is another part of this research. 

 

 

2. A HIGHER-ORDER STIFFNESS MATRIX  
 

In this article, a new higher-order stiffness matrix will be formulated to be used for the 

geometric nonlinear analysis of three-dimensional trusses. In the following subsections, all 

assumptions and details of formulation will be presented. Later, numerical experiences will 

confirm the performances of the authors' technique.  

 

2.1 Assumptions 
To solve the aforementioned problem more effectively, the following assumptions are made 

in the calculation process: 

1. The members of structures are straight, and without any imperfection and residual 

stresses. Furthermore, the centroidal axis of cross section and the longitudinal axis of the 

member are located on the one line. 

2. The nodes of truss are assumed to be hinged, and members resist only axial loads. 

3. Deformations occur only in the plane of the truss structure, and local buckling is 

ignored. 

4. The cross sections of the structural members always remain plane and with members' 

deformations, the cross sections remain normal to the longitudinal axes of the members. 

It is reminded that in the geometric nonlinear analysis, the shape of structure is 
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characterized in three ways. In the total Lagrangian description, the initial configuration of 

the member is entered into analysis, and governing equations are based on the reference 

shape [17]. On the other hand, the last obtained position of element is used as the reference 

configuration in the updated Lagrangian technique [18]. Finally, in the corotational 

approach, the combinations of the infinitesimal deformations and also rigid body motions 

are utilized [19]. Considering the more accurate results of the updated Lagrangian 

description and its more efficiency compared to the total Lagrangian, the former is used in 

this research [20, 21]. 

 

2.2 Finite element formulation 
Fig. 1 shows a space truss element with six degrees of freedom. The nodal displacement 

vector is defined as follows: 

 

 222111 ,,,,,}{ wvuwvud T   (1) 

 

 
Figure 1. Local Coordinate system of a space truss element 

 

Where, u1, v1, w1 and u2, v2, w2 are referred DOFs corresponding to the translations of 

nodes 1 and 2, along the directions of x, y and z, respectively. For presenting the 

displacement field, which determinates the motions of an arbitrary point in terms of the 

nodal displacements, the coming shape functions will be used: 

 

  dNxu u)(  (2) 

  dNxv v)(
 (3) 

  dNxw w)(
 

(4) 

 

In these equations, [Nu], [Nv] and [Nw] are the shape functions for the axial and lateral 

displacements of a truss member with length of L. According to Fig. 1, the nodal force 

vector can be written in the below form: 
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 222111 ,,,,,}{ zyxzyx

T FFFFFFf   (5) 

 

Here, Fx1, Fy1, Fz1 and Fx2, Fy2, Fz2 are the components of force corresponding to nodes 1 

and 2, along the directions of x, y and z, respectively. 

As it is shown in Fig. 1, the next boundary conditions of a three-dimensional truss 

member are held: 

 

 
𝑥 = 0, 1uu    ,      1vv    , 𝑤 = 1w    

x = L, 2uu    ,      2vv    , 𝑤 = 2w  
  (6) 

 

Using the boundary conditions of equation (6), the vector of shape functions can be 

presented in the following form: 

 

  







 0,0,,0,0,1

L

x

L

x
Nu  (7) 

  







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L

x
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(8) 

  









L

x

L

x
Nw ,0,0,1,0,0

 

(9) 

 

2.3 Equilibrium equations 
It is assumed that no permanent strain is retained when unloading accrues, and structure has 

nonlinear elastic behavior. In this circumstance, the incremental equilibrium equation can be 

derived by minimizing total potential energy and utilizing the virtual work principle. 

Therefore, the following relation is held: 

 

0)()()(  WU   (10) 

 

Where, U is the strain energy, and W is the potential work of the member applied force. 

In addition, σ and ε are axial stress and strain, respectively. The axial stress of the member is 

defined as: 

 

)()( 
v

dvdU   (11) 

}{}{)( fdW T 

 

(12) 

 E 0  (13) 

 

In this equation, σ0 is the axial stress in the reference configuration, and E is the modulus 

of elasticity. The axial strain of the truss member can be decomposed into two following 

parts of linear and nonlinear one [22]:  
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xxxxxx e    (14) 

 

Where, exx is the linear part and μxx is the nonlinear portion of strain. By replacing 

equations (11-14) into relationship (10), the incremental static equation can be expressed as 

below: 
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 (15) 

 

The subsequent linear and nonlinear expressions of strain will be obtained by employing 

equations (2- 4): 
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  (16) 
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(17) 

 

The following relations give the first variation of the linear and nonlinear strain: 
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xx Nde  }{  (18) 
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dx

dN
N ][

 

(20) 

 

In the last equality, [N'] is the derivative of shape functions with respect to x parameter. 

Finally, by applying equations (16-19), the incremental equilibrium relation (15) will be 

changed to below shape:  
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2.4 Component of the stiffness matrix 

The incremental static equation (21) can be written as follows: 

 

0}{}{}]{[}{)(  fddKd TT   (22) 

 

Using relation (22), the higher-order stiffness matrix of the space truss member is 

obtained in the below form: 
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PdAAdA
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  0, 

 

(29) 

 

The following parameters are employed in these formulas. Axial force is denoted by P. 

The member stiffness matrix of the space truss [KL] consists of five parts. The first item, 

[K0], is the elastic stiffness one. It is a constant division and is dependent on the linear 

behavior of structure. The second portion, [KP], is the geometric stiffness matrix of the 

member and is related to the axial force P at the beginning of each incremental step. Three 

other pieces, [K1], [K2] and [K3], are the higher-order stiffness matrices of the member. It 

should be added that the linear expressions of the incremental displacements of the member 

are included in the fractions [K1] and [K2]. On the other hand, the [K3] matrix is written in 

terms of second degree functions of the member nodal motions. All of entries of the stiffness 

matrix [KL] are presented in the article appendix. 

 

2.4.1 Rigid body test 

To investigate the quality of the presented formulation, all the convergence criteria should 

be checked. The constant strain conditions, rigid body capabilities, element compatibility, 

and stability conditions can be verified by the patch test [23, 24]. On the other hand, since 

the patch test verifies merely the satisfaction of the basic differential equations and the 
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approximation in boundary conditions, it serves purely as a necessary condition for 

convergence.  

Another technique is the eigenvalue test that can detect the instability, lack of invariance, 

and other flaws of a single element. These are the requirements by which the quality of 

competing elements can be estimated [25]. In other words, the eigenvalue test is one of the 

most widely used procedures for checking the element quality. It is important to note that the 

applications of the patch and eigenvalue methods are restricted to linear problems, in which 

the finite element is without the initial stresses or nodal forces. In a geometrically nonlinear 

analysis, the finite element will typically be deformed and acted upon by a set of nodal 

forces that are in equilibrium at the beginning of each incremental step. Having these nodal 

loads, a few iterations are performed at each step to ensure equilibrium of the structure. 

Obviously, the patch and eigenvalue tests, which have been devised for elements with no 

initial forces, cannot be directly applied to the nonlinear problems.  

Therefore, the rigid body test is very useful in the nonlinear problems. To examine the 

quality of a nonlinear finite element, one cannot rely on the geometric stiffness matrix alone, 

but must consider the incremental stiffness equation as a whole to see if the new formulated 

element can really cope with the rigid body motion [26]. In this article, the correctness of the 

finite elements is examined by using rigid body test. The space truss element is rotated about 

its left end as a rigid body for 90 centigrade counterclockwise relative to the z axis. For this 

case, the nodal displacement vector is expressed as below: 

 

 }0,,,0,0,0}{ LLd T   (30) 

 

As a result, the following relationships are held: 

 

012

12

12







www

Lvvv
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 (31) 

 

If multiplying equation (23) by the nodal displacement vector of equation (30), it is 

observed that the forces generated by the matrices [K0] and [K1] balance each other during 

this rigid body rotation. In a similar manner, the forces produced by the matrix [K2] balance 

those created by the matrix [K3] when subjected to this rigid body motion. It should be 

noted, these relations remain valid by ignoring the magnitude of the angle of rotation. On the 

other side of the considering equality, by adding the forces created by matrix [KP] to the 

initial forces of element, it is observed the axial force P will be rotated following the rigid 

body rotation. From the above three effects, the initial force P has been directed along the 

rotated axis of the space truss member, while its magnitude remains constant. It implies that 

the equilibrium of the member is kept after the rigid body motion. These results clearly 

demonstrate that the nonlinear stiffness matrices obtained in this research pass the rigid body 

test. 
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2.4.2 Transformation matrix 

So far, the stiffness matrix of the equation (23) is calculated in the local coordinate of the 

member. A transformation medium is employed for converting the stiffness matrix to the 

global coordinate. The following relation shows how the stiffness matrix is changed from 

local coordinate to the global one: 

 

]][[][][ TKTK L

T

g   (32) 

 

In the former equality, [Kg] is the member stiffness matrix in the global coordinate, and 

matrix [T] is the transformation medium. This matrix converts the member stiffness from 

local coordinate to the global one. It should be noted that the total nonlinear stiffness matrix 

of the structure is obtained by assembling the incremental stiffness matrices of each element 

in the global coordinate, like Equation (32).  

 

 

3. NONLINEAR EQUATION SOLVER 
 

The incremental nonlinear static equation can be written in the following form: 

 

}{][}{ DKF   (33) 

 

In this relation, {F} is the internal force vector, [K] is the nonlinear stiffness matrix in the 

global coordinate and {D} is the nodal displacement vector. In the normal way, there are 

three following ways for solving equation (33) and obtaining the static path of the geometric 

nonlinear problems: 1- Pure incremental method or linear incremental tactic, 2- Incremental-

iterative procedure or nonlinear incremental approach, and 3- Direct strategy. It is worth 

mentioning that the linear incremental approach is easy to use, but it has a limited 

application. Because, in the structural analyses, which have large displacements and large 

rotations, may not be accurate [27].  

The most effective techniques for the nonlinear structural analysis are the incremental-

iterative methods. In these procedures, every loading step is consisted of two parts: 

incremental or predictor step and iterative or corrector step. At the first stage, by finding the 

incremental load factor, the primary approximation for displacement vector is obtained. At 

the second phase, the structural static path progresses through successive iterations. The 

Newton-Raphson method is a load control procedure which cannot trace the nonlinear 

region of a load-displacement curve beyond the load limit points [28]. In order to solve this 

problem, displacement control technique was introduced [29]. It should be noted that for 

structures with snap-back behavior, this strategy leads to inaccuracy responses. 

To obtain a more general technique, researchers have proposed the arc-length approach 

for the nonlinear analysis of structures [30-32]. In the load control method, the load factor 

remains constant during iteration. Moreover, in the displacement control approach, the 

displacement factor is kept invariable. In contrast to these algorithms, when each iteration 

starts, in the arc-length process, the load factor is modified so that the solution follows some 

specified paths until reaching convergence. Due to existing variable load factor in analysis 
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procedure, an extra constraint equation in terms of the displacement is needed. It is worth 

emphasizing that various techniques have so far been suggested by the investigators to 

formulate the additional constraint equation. In the cylindrical arc-length method, Crisfield 

ignored the load component against the displacement component in constraint equation and 

suggested another approach, which is called Riks's improved technique [33].  

This study uses the cylindrical arc-length technique with a variable stiffness matrix to 

solve elastic geometric nonlinear space truss problems. In the following subsections, the 

numerical procedure for this method is presented by using the update Lagrangian description 

in the higher-order analysis. 

 

3.1 Cylindrical arc-length technique 

The solution procedure of the cylindrical arc-length technique is presented in Fig. 2. 

Assuming the (n-1)th equilibrium point, analysis for attaining the (n)th point on the 

structural static path is carried out. At the beginning, in the predictor step, the amount of 

displacement is calculated by solving below equation: 

 

PDK nnn

11

1 
 (34) 

 

In the last relationship, Kn-1 is the tangential stiffness matrix at the (n-1)th equilibrium 

point, and Δλ is the incremental load factor. Employing equality (34), the coordinate of point 

1 is obtained. Because this point is out of the structural static path, successive iterations are 

needed in the corrector step. In arc-length method, the distance of the all iteration points to 

previous equilibrium point is equal to the arc length which is kept fixed during an increment. 

This procedure is shown in Fig. 2.  

 

 
Figure 2. The structure of cylindrical arc-length method 
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Based on the Fig. 2, the following expression can be found for constraint equation: 

 

22

n

n

i

Tn

i

n

i

Tn

i LPPDD    (35) 

 

Where nL  is arc length at the (n)th increment,   is a scaling parameter for loading 

terms. For the cylindrical arc-length, the scaling parameter   is set to zero, and the 

constraint equation reads simply: 

 
2

n

n

i

Tn

i LDD   (36) 

 

In each iteration, the displacement has the next formula: 

 
n

i

n

i

n

i

n

i DDD    (37) 

 

Here, 
n

iD   and 
n

iD  are displacements due to out of the balance force, R, and the 

external load, P, respectively. They can be calculated from the below equations:  

 
n

i

n

i

n

i RDK   (38) 

PDK n

i

n

i   (39) 

 

On the other hand, the amount of the incremental load factor and incremental 

displacement are calculated by the help of following equations: 

 
n

i

n

i

n

i DDD  1  (40) 

n

i

n

i

n

i   1  (41) 

 

According to the Fig. 2, the unbalanced load in the nth iteration (
n

iR ) has the following 

amount: 

 
n

i

n

i

n

i FPR    (42) 

 

In the former equality, 
n

iF  is the nodal load in the nth iteration. It should be noted that 

the system of equations (38) and (39) can be solved in terms of the quantities of unbalanced 

force, R, and the external load, P. Consequently, based on equation (37), in order to 

calculate
n

iD , 
n

i  must be determined. By replacing equations (37-40) into relationship 

(36), the constraint equation can be expressed as below: 
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0)()( 2  cba n

i

n

i   (43) 

 

Where: 

 

)()( n

i

Tn

i DDa    (44) 

)()(2 n

i

Tn

i

n

i DDDb    (45) 

2
)()(2 n

n

i

n

i

Tn

i

n

i LDDDDc    (46) 

 

Solving equation (43) leads to coming results for
n

i : 

 

a

c

a

b

a

b
n

i

n

i








2

1,

1,
)

2
(

2


 (47) 

 

Which are real values if the following condition is satisfied: 

 

042  acb  (48) 

 

One selects the root that corresponds to the point closest to the one obtained in the last 

iteration. This proximity can be assessed by the dot product: 

 
n

i

Tn

i

n

i

n

i

n

i DDDD  )(   (49) 

 

This rule aims to prevent that the equilibrium path doubles back on itself. If the value of 

 in equation (48) becomes zero, only one root is real, and it can be used as the change of 

the load factor in the subsequent iteration. Furthermore, if  is negative, the two roots are 

virtual. Then, the arc length ( nL ) should be given a reduction and begin again. In addition, 

the amount of the incremental load factor in predictor step in each loading step is calculated 

by the help of following equation: 

 

nTn

nn

uu

L

11

1





  

(50) 

 

 

4. NUMERICAL EXAMPLES 
 

To test the ability and accuracy of the proposed formulations, some nonlinear problems will 

be solved. The findings will be compared with the available responses, as well. It should be 

added that several space trusses have been analyzed by the authors' computer program, and a 

few of these structures will be presented in the subsequent subsections.  
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4.1 Four-member space truss 

This structure, which is shown in Fig. 3, has four members. This symmetric single degree of 

freedom structure was utilized for checking several incremental-iterative methods [34]. 

Moreover, this three-dimensional truss was employed for studying the time step in dynamic 

relaxation strategy [35]. It is important to note that this structure exhibits a snap-through 

phenomenon. 

 

 
Figure 3. Four-member space truss (dimentions in mm) 

 

The axial rigidity of each member is AE=10000 N [35]. A concentrated load of 1 N is 

applied at the top of the structure. Furthermore, it is assumed that the arc length is equal 5 in 

the loading steps.  

A higher-order nonlinear analysis is performed on this structure by using the authors' 

stiffness matrix and also cylindrical arc-length method [33]. Fig. 4 shows the numerical 

results for this three-dimensional truss.  

 

 
Figure 4. The load-displacement diagram for four-member space truss 

 

As it is shown in the Fig. 4, the detected equilibrium path, which was found by using 

higher-order stiffness matrix, and the load-displacement curve, which was obtained by 
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Rezaiee-Pajand et al. [34], are the same. Moreover, the proposed method reaches to the load 

limit point after tracing the longer path in comparison with predecessors' tactic. 

Consequently, the new higher-order nonlinear technique is more accurate than the other 

strategy. In addition, the solution was quite consistent with the structural static path obtained 

by Rezaiee-Pajand et al. [35].  

 

4.2 Star shape dome truss 
Fig. 5 shows the geometry and loading of a short 24-member dome. The elasticity modulus 

of each member of the truss is E=3×105N/cm2 and its cross section is A=3.17cm2 [34]. A 

unit concentrated load is applied at the central node. Furthermore, the arc length in the 

loading steps is assumed 1.  

 

 
Figure 5. Star shape dome truss 

 

The application of this example in the nonlinear analysis of space trusses is very 

common. This problem is utilized for examining three residual perimeter and area methods 

and cylindrical arc-length approach [36], surveying dynamic relaxation technique in the 

tracing of structures [37, 38]. The load-displacement curve of node 1 in the direction of load 

obtained by proposed higher-order nonlinear analysis and Rezaiee-Pajand et al. [34] are 

shown in Fig. 6. It is observed that the equilibrium path obtained with the suggested 

approach has very good agreement to the predecessors' results [34].  

The static paths of the star truss at node 2 in the horizontal and vertical directions are also 

shown in Fig. 7. According to the load-displacement diagrams, the space truss exhibits snap-

through in node 1, whereas node 2 shows snap-back behavior. According to the finding 

results, the higher-order stiffness matrix of the space truss completely covered the former 

investigators' load-displacement curves [18]. 
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Figure 6. Load-displacement curves of the star shape dome truss for node 1 

 

 
Figure 7. Load-displacement relation for Geometric shape dome truss at node 2: 

Horizontal direction; (b) Vertical direction 

 

4.3 Geometric dome truss 

The geometry and loading of a geometric dome truss with 156 members are shown in Fig. 8. 

All of members have equal cross sections. The elasticity modulus of the truss members is 

E=68950 N/mm2 and their cross section is A=650 mm2 [14, 40]. Moreover, the arc length in 

the loading steps is assumed 0.001. A concentrated force of 1 N is applied at the top of the 

truss. The elevation of this space truss is defined by the following equation: 

 

 (51) 

 

Thus far the nonlinear analysis of this structure has been carried out by using various 

techniques, such as dynamic relaxation [39], and two-point method [40]. 

 

84.60)2.7( 222  zyx
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Figure 8. Geometric dome truss 

 

Fig. 9 shows the comparison of the load-displacement curve of node 1 in the direction of 

the load obtained by present study and Thai and Kim [14]. It is observed that the curve 

generated by the proposed higher-order nonlinear analysis is in reasonable agreement with 

the predicted solution by Thai [14]. When the load reaches its maximum, P=3.23 kN, 

displacement is 13.32 cm, and a 1.54% difference occurs by comparing with Thai solution 

of P=3.18 kN. 

The equilibrium paths of the dome truss at node 2 in the horizontal and vertical directions 

are also shown in Fig. 10. According to the obtained, by considering all the linear and 

nonlinear components of the strain vector, the new tactic can trace the structural path more 

accurately [14]. 

 

 
Figure 9. Load-displacement curves of Geometric dome truss at node 1 
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Figure 10. Load-displacement relation for Geometric shape dome truss at node 2: 

(a) Horizontal direction; (b) Vertical direction 

 

 

5. CONCLUSION 
 

Some of the three-dimensional trusses experience large displacements under loads. In order 

to analyze these structures, a capable tangent stiffness matrix is required. A geometric 

nonlinear formulation was proposed for the prediction of the static equilibrium paths of the 

space trusses. In this article, all parts of the strain-displacement relationships were used to 

establish a robust tangent stiffness matrix. Due to elastic behavior of the truss, the 

minimization of total potential energy and also the relation of virtual work were utilized in 

this study. After describing the formulations in detail, the ability of the suggested scheme 

was studied by some sample examples. In fact, a lot of numerical tests were performed to 

show the ability of the authors' strategy. Due to volume limitation, a few of the solved 

problems were given in this paper. All the obtained numerical results and the solutions of 

former researchers were equivalent. Including the second-order strain terms affected the 

calculated unbalanced force vector as well as the element tangent stiffness. This was the 

reason that the authors’ technique had better convergence speed of the solution process, and 

was more accurate in comparison with the previously presented methods. 

 

 

APPENDIX  
 

The elastic and geometric stiffness matrices, and also all parts of the higher-order stiffness 

matrices for the space truss are given in the following lines: 
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In these relationships, the below parameters are used: 
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